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Tuesday, August 28, 2018 9:30 — 11:00

Notice

1. Do not open this test booklet until instructed to do so.

2. A test booklet, answer sheets, draft sheets, and a selected-problems form are
provided. Put your examinee number on each of the answer sheets, the draft sheets,
and the form.

3. Select three of the four problems and answer them. Indicate your selectlon on the
selected-problems form. Use two answer sheets for each problem. :

4 . At the end of the examination, double-check your examinee number and the problem
numbers on the answer sheets. Put your answer sheets.in numerical order on top of
the other sheets, place them beside the test booklet, and wait for collection by an
examiner. Do not leave your seat before instructed to do so by the examiner.
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¥ A MATHEMATICS A

1. Solve the following problems, where a is a positive constant.
(1) Evaluate the area of the region D; in the xy plane defined by
Dy ={(z,y) | r <a(l+cosh) },
where 7 and 6 are the polar coordinates with z = r cosf and y = rsin 6.

(2) Evaluate the area of the region D; in the xy plane defined by

x? ad
Dzz{(m’y”%ﬁyﬁm}-

(3) Evaluate the length of the curve C in the zy plane defined by

C={(z,y)|3ay’=2z(z—a)’ z<a}.
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M A MATHEMATICS A

2. Find the general solutions of the following ordinary differential equations.

(1) (x+1)%—3y—(x+1)3=0

Py dy
9) ZY oM 5=
@) dz? dx by = e’ cose
dy Y Y
3) 2= cos 2 = g
(3) xdxcosx—}-x yeos
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W% A MATHEMATICS A

3. Consider the 3 x 3 matrix A which satisfies

2r y+1 2z2+6 z 0 3
x 2y 3 =A|l 0 y O
x 2 2z+4+3 01 =z

for any real numbers z,y, and z. Solve the following problems.

(1) Let a1, a2, and as be column vectors such that A = (ay, as,a3). Find a;,a,, and

as.
(2) Find the eigenvalues and the eigenvectors of A.
(3) Find the inverse matrix of A.

(4) Find the general form of the 3 x 3 matrix X that satisfies A”X = X A" for any

positive integer n.
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¥ A MATHEMATICS A

4. In the Cartesian coordinate system (z,y, z), the vector field A is given by
A=yi+2j+zk,

where ¢, 7, and k are the fundamental vectors in the z, y, and z directions, respectively.

In addition, the curve C' is given by
r = (cost) i+ (sint) j + tk (0 <t < 2m),
as shown in Fig. 1 on the next page. Solve the following problems.

(1) Obtain V- A and Vx A.

(2) Let L be the line connecting the two endpoints of C as shown in Fig. 1 on the next
page. Evaluate the integral

/A-dr,
L

where L is oriented such that z increases.

(3) Let S be the surface generated by moving the line connecting C' with the z axis at

the same z coordinate in the range 0 < z < 27. Then S is given by
r = (rcosf)i+ (rsinf)j+ 0k (0<r<1, 0<6<27).
Evaluate the integral

/(v x A) - ndS,
S

where n is the unit normal vector of .S with a non-negative z component.

(4) Evaluate the integral

/A~dr,
foi

where C is oriented such that z increases.
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M

Notice
. Do not open this test booklet until instructed to do so.

. A test booklet, answer sheets, draft sheets, and a selected-problems form are
provided. Put your examinee number on each of the answer sheets, the draft sheets,
and the form.

. Select two of the three problems, and answer them. Indicate your selection on the
selected-problems form. Use two answer sheets for each problem.

4. At the end of the examination, double-check your examinee number and the problem
numbers on the answer sheets. Put your answer sheets in numerical order on top of
the other sheets, place them beside the test booklet, and wait for collection by an
examiner. Do not leave your seat before instructed to do so by the examiner.

Copyright© 2018 Tohoku University (All Rights Reserved)




Copyright© 2018 Tohoku University (All Rights Reserved)



¥ B MATHEMATICS B

1. The Fourier transform F(w) of a function f(t) and its inverse transform are defined by

F(w) =/_ f(t)e ™" dt,
1 o0

f@) = %/4 F(w) ™t dw.

Solve the following problems.

(1) Obtain the Fourier transform of the function g(t) given by

L ()t <1)
g(t)_{o (It > 1).

(2) X(w) and Y (w) are the Fourier transforms of functions z(¢) and y(t), respectively,
and satisfy the following relation

1 * ! 1 !
Y(w) = _;/ X () do

Find the relation between z(t) and y(t), using that the Fourier transform of the
following function

2
is given by H(w) = o

(3) Obtain X (w) which satisfies the following relation

sinw _l/oo X (o) 1
w T J_oo w—uw'
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¥ B MATHEMATICS B

The Laplace transform of a function f(¢) is defined by

LIf(®)] = F(s) = / T pwye e,

When a is a positive constant, solve the following problems.

(1) Obtain the inverse Laplace transform of e~** F(s).

(2) Obtain the Laplace transform G(s) of the function g(¢) with period 2a defined by

g(t):{ 1 (0<t<a)

-1 (a<t<2a).

1
(3) Obtain the inverse Laplace transform of B G(s) and draw the graph for 0 < t <

4a, where G(s) is obtained in problem (2).

2e—as

S fe) for 0 <t < 4a and draw

(4) Obtain the inverse Laplace transform of

the graph.
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3. The function u(z,t) satisfies the partial differential equation

ou o%u

ot~ " oa?

with the boundary conditions

(0<z< L, t>0)

ou(L,t)

u(0,t) = 0, 5

=0, and U(ZL',O) = f(x)v

where o and L are positive constants. Solve the following problems.

(1) Find the general solution wu(z,t).
(2) Find u(z,t) when f(z) = z(3L? —2?).

(3) For u(x,t) of problem (2), draw the schematic graph of y = u(z,t) at ¢t =0,

t =11, and t = 0o in the zy plane, where 0 < t; < c0.
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Notice

1. Do not open this test booklet until instructed to do so.

2. A test booklet, answer sheets, draft sheets, and two selected-subjects forms are
provided. Put your examinee number on each of the answer sheets, the draft
sheets, and the form.

3. Select two subjects from the eight subjects in the booklet and answer all
problems in each subject. Indicate your selection on the selected-subjects form.
Use one set of two answer sheets for each subject, and use one sheet per
problem. '

4. At the end of the examination, double-check your examinee number and the
problem numbers on the answer sheets. Put your answer sheets in numerical
order on top of the other sheets, place them beside the test booklet, and wait for
collection by an examiner. Do not leave your seat before instructed to do so by
the examiner.
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I.

# /7 % THERMODYNAMICS

Answer the following questions regarding quasi-static compression processes of an ideal gas in a
closed system that consists of a cylinder and a piston. Pressure and specific volume of the initial
state 1 of the processes are p1 and v, respectively. The specific heat ratio and gas constant of the
ideal gas are x and R, respectively.

(1) When the gas is compressed isothermally from the state 1 to the final state 2, indicate the
relation among the pressures and specific volumes at the state 1 and the state 2. Pressure and
specific volume of the final state 2 are p; and v, respectively.

(2) Obtain the change of specific entropy during the isothermal compression process of question

(1).

(3) Obtain the work received by the gas during an adiabatic compression process from the state 1.
Pressure at the final state 3 of the process is ps.

(4) When the same amount of the work is conducted during the isothermal compression process
of question (1) and during the adiabatic compression process of question (3), describe which
one of the final specific volumes of the isothermal compression process v2 and of the adiabatic
compression process Us is larger with its reason. Express the pressure ratio ps/p2 by the
specific heat ratio of the gas x, the initial temperature of the system 71 and the final
temperature of the adiabatic compression process 13.
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# 5 % THERMODYNAMICS

2. Answer the following questions regarding the general thermodynamic relation.
(1) Express the equation of dh which is the differential change of specific enthalpy h using
necessary symbols from pressure p, specific entropy s, temperature 7, specific volume v and

their differential changes dp, ds, dT and dv.

(2) Derive the following equation, where Cp is specific heat at constant pressure.

ds = [ﬁJ dp corgr
o) T

(3) Derive the following Maxwell thermodynamic relation using the equation of specific Gibbs
free energyg=h-Ts .

15
oT ), op )y
(4) Derive the following equation using the relations in questions (1), (2) and (3).

ov
dh= cpdT+{v —T[ﬁjp}dp

(5) Show that specific heat at constant pressure of an ideal gas is independent of pressure using
the equation shown in question (4).
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it & 53 % FLUID DYNAMICS

Consider a two-dimensional steady flow of an incompressible viscous fluid induced between
two flat plates, which are placed horizontally. The upper plate is stationary, whereas the lower
one is sliding horizontally at constant speed U. The x axis is taken in the direction of the
movement of the lower plate, and the y axis is taken upward and perpendicularly to the plates,
so that the surface of the lower plate is at y = 0. It is assumed that the fluid velocity is parallel
tothe x axis everywhere and the pressure p does not vary in the y direction. The viscosity of
the fluid is constant at p. In this case, the Navier-Stokes equation reduces to

dp  d*u

dx  Hay?
Here, u is the x component of the fluid velocity and a function of y alone. Answer the
following questions.

(1) Consider the case when the two plates are sufficiently large and distance h apart, as shown
in Fig. 1.
a) Derive the following expression for u:

1dp U
=———(h- —(h—y).
u 2#dx(h Yy +4(h=y)
b) Derive the following expression for the volume flow rate Q, per unit width of the plates,

across a cross-section normal to the x axis:

(2) Consider the case when the length of the upper plate is L and a step exists at its center, as
shown in Fig. 2. The left edge of the upper plate is placed at x = 0. The distances between
the upper and lower plates are constant at H and H/2 in the regions of 0 < x < L/2 and
L/2 < x < L, respectively. For simplicity, the expressions for the fluid velocity u and the
volume flow rate Q given in question (1) are assumed to be applicable to each of the
regions including a neighborhood of the step. Here, the pressures at x = 0 and x = L are
Pa-

a) Express the volume flow rate Q using U and H. Note that the pressure p is
continuous at x = L/2.

b) Express the y component of the force Ey, per unit width of the upper plate, exerted by
the fluid pressure on the bottom surface of that plate using L, U, H, u and p,.

Y ¥
LALLLLLLLLELLLLLL LS 2L S . p % ///ilfll//// 7% 1;{42/// . /’ p.
0777777777 77777777 > 7077777777777 TR 77
7 L2 T L/2
Fig. 1 Fig. 2
3
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2. Consider a two-dimensional steady potential flow of an inviscid incompressible fluid. Answer

the following questions.

(1) The flow around a vortex filament located at the origin is given by the following complex
velocity potential,
W(z)=iklnz ,
where k is a positive real number, i is the imaginary unit, In is the natural logarithm, z is
a complex variable which is expressed by z=re!®, and r and 6 are radial and
circumferential coordinates, respectively.
a) Obtain the velocity potential ®(r,8) and the stream function ¥(r,8) .
b) Obtain the counterclockwise circulation I' along the circle of radius r centered at the
origin.
¢) Answer whether the circulating flow around the vortex filament is a free vortex or a forced

vortex.

(2) As shown in Fig. 3, three vortex filaments A, B and C with circulation I A, Ig and Ig,
respectively, are aligned at regular intervals of h. Assuming an infinite domain of fluid where
the fluid velocity approaches to zero at infinity, a vortex filament moves with the velocity
induced by the other vortex filaments. Obtain the relationship among I}, Iy and I in the

case when all the vortex filaments stand still in the flow ficld. Here, I is assumed to be

nonzero.

Iy Iy It
AN B¥ CXN
€/ €/ €/

h h
Fig. 3
4
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# # /1 % STRENGTH OF MATERIALS

As shown in Fig. 1, a two-dimensional truss composed of four uniform bars AF, BF, CF, and DF
is pin-connected at their ends on a horizontal rigid ceiling and point F. The distance from point F
to the rigid ceiling is 4. The angle of the bars BF and CF from the vertical direction is 8 and that
of AF and DF is 6,. Assume 0 < 8; < 6, < /2. Young’s modulus and the cross-sectional area of
the four bars are £ and S, respectively. A vertical downward load P is applied at point F. Neglect
the weight of the bars. Answer the following questions.

(1) Denote the axial forces in AF, BF, CF, and DF by Rar, Rpr, Rcr, and Rpr, respectively. Derive
the equations of force equilibrium in both horizontal and vertical directions for the truss.

(2) Show the axial strain of each bar €xr, €sr, Ecr, and Epr in terms of Rar, Rer, Rcr, and Rpr.

(3) Indicate the relationship between the elongation of each bar A/sr, Alpr, Alcr, and Alpr, and the
vertical displacement ¢ at point F.

(4) Determine the axial forces Rar, Rpr, Rcr, and Rpr.

(5) Find the vertical displacement ¢ at point F.

N
A B ; C

5
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# # 71 % STRENGTH OF MATERIALS

2. Consider an L-shaped frame ABC which consists of beams AB and BC. The frame is fixed at
point A. The length of the beams AB and BC is 2L, and flexural rigidity EI of the beams is
constant. Neglect both the weight of the beams and the elongation of the neutral axis of the

beams. Answer the following questions.

(1)A bending moment Mg is applied at point B, as shown in Fig. 2(a). Determine the deflection

angle at point B.

(2)A load W is applied at the middle point D of BC vertically in the downward direction, as

shown in Fig. 2(b). Determine the deflection of the frame at right end C.

(3)The L-shaped frame ABC is simply supported at right end C, as shown in Fig. 2(c).
Determine the reaction at right end C, when a load W is applied at point D vertically in the

downward direction.

\I 2L

2L

2L

A
NN\
Fig. 2(b)
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Bt 1 % DYNAMICS OF MECHANICAL SYSTEMS

Consider a system consisting of a mass m, two springs with spring constants k; and ks, a
dashpot with damping coefficient ¢, and a beam with length I, Young’s modulus £ and moment
of inertia of area I, as shown in Fig. 1. Assume that the masses of the springs, the dashpot and
the beam are negligible, and that the mass m vibrates only in the horizontal direction with a
sufficiently small displacement. The displacement of the mass m from the equilibrium position

is denoted by z(t), where ¢ is time. Answer the following questions.

(1) Express the equivalent spring constant k3 of the beam by using L, F and I.

(2) Find the equivalent spring constant K of the system.

(3) Obtain the critical damping coefficient of the system.

(4) Find the damped natural period T of the system, when the system is underdamped.

(5) Obtain the ratio of z(t) at two different times separated by the period 7' under the

condition of question (4) when z(t) # 0.

N

Fig. 1

7
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B W 1 % DYNAMICS OF MECHANICAL SYSTEMS

Consider a system consisting of a uniform rotating disk with mass m;, radius r and moment
of inertia J, two springs with spring constants k; and ks, and a trailer with mass m,, as shown
in Fig. 2. The right end of the spring with spring constant k; is connected to the center axis
O of the disk through a frictionless bearing, and the left end is fixed to the trailer. The right
end of the spring with spring constant ks is connected to the trailer, and the left end is fixed
to the wall. The disk rotates on the trailer without slipping and the trailer vibrates only in the
horizontal direction. The angular displacement of the disk and the displacement of the trailer
from the equilibrium positions are denoted by 0 and z, respectively. Assumimg that the masses

of the springs are negligible, answer the following questions.

(1) Obtain the kinetic energy T of the system.

(2) Obtain the potential energy U of the system.

(3) Derive the equations of motion of the system.

(4) When my = 2m, my = m, and k; = ks = k, find the natural angular frequencies of the

system using J = mr?.

=

\\%\\ AN

N

4 /.

8
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B # T. % CONTROL ENGINEERING

1. Solve the following problems. s is the Laplace operator and ¢ is time.

1)
(2)

(3)

Derive the unit step response of the system shown in Fig. 1 and draw its outline.
Obtain the transfer function G(s) from U(s) to Y(s) of the system shown in
Fig. 1. Obtain also the poles and zeros of the transfer function.

Consider a feedback control system shown in Fig. 2. The transfer function of the

controlled system P(s) is given by

B 4
(sH+D(s+4)

P(s)

When a unit ramp function r(¢) = ¢ is applied as a reference input, the system

has a steady-state velocity error e, (0 < e, < 00). In this case, select a controller

"C(s) from (i) — (iii) and explain the reason. Note K, K>, and Kj3 are positive

constants.

K K K,s®> + K. K
6) O =K, (i) Of)="2182 ) ()= DETTT N

Consider the feedback control system in problem (3). Find the conditions so that
the system is stable. Find also the conditions so that the steady-state velocity

error e, of the system satisfies e, < 0.1.

U(s) y . Y(s)
s+1 _ )
8
s+2
Fig. 1
R(s) + Y(s)

P(s) -

| I[
2
NG

Fig. 2
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il 4 T. % CONTROL ENGINEERING

. Consider the following controllable linear time-invariant system

dx
i Az + Bu,
y=Cuz,

where @ is a state vector, u is input, and vy is output.

It is known that the optimal control input to minimize a criterion function

J = %/ (2" Qx + u” Ru)dt
0

is given by u = — R BT Px, where P is the positive definite solution of the following
Ricatti equation,

PA+ AP - PBR'B"P+Q =0,

where Q@ and R denote the weight matrices, and O denotes the zero matrix. Solve the
following problems.

(1)

Consider the electric circuit shown in Fig. 3 in which the inductance, the resis-
tance, and the capacitance are given by [, r, and ¢, respectively. The input and
output voltages of the circuit are given by e; and e,, respectively. Let ¢ be the
current flowing through the coil and v be the voltage applied to the capacitor.
Derive the state equation and the output equation of the system in which the
state vector, the input, and the output are defined as « = (4,v)T, u = ¢;, and
Y = e,, respectively.

Obtain the matrix P = (7 ; £§> and the optimal control input u, where the

circuit constants are given as [ = r = ¢ = 1, and the weights are given as R =1
and Q = (8 g) in problem (1).

Explain how the initial value response of the system is influenced, when Q is not
changed while R is increased in problem (2).

I c
g? rUUBW } : L 4 (?
1
e; v =7 |e
O ® O
Fig. 3
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1. Fig.1 shows a portion of Fe-C phase diagram. Answer the following questions.
(1) Write the names of all phases existing in regions [1], [2], [3] and [4] of Fig. 1, respectively.

(2) Consider that a steel X (carbon content 0.316 mass%) and a steel Y (carbon content 1.200
mass%) are slowly cooled down from the region [1]. Draw schematics of the metallographic
structure corresponding to points h, i, j, m and n, indiéating the distribution of each phase.
Here, refer to the schematic of metallographic structure shown in Fig. 1. '

(3) Obtain the ratio of ferrite at point R in the region [2] just above the line of A; transformation.
For the calculation, assume that the carbon content at points P and Q are 0.020 and 0.760
mass%, respectively.

(4) Consider steels X and Y which are slowly cooled down from the region [1] to room
temperature. Describe the differences in the mechanical properties between these steels and
explain the reasons of the differences.

Composition

Composition
of steel X of steel Y
1000 B ¥ . }
1 ({D Schematic of metallographic 4)
\(1)/ 900 | | structure of steels X and Y in
= I o
£ ! | B
S 800 ® |
2. L [2] |
s b ®m
~ 700 :P i ® Q A trans- @ p
/ ! I [4] + formation :
ferrité goq - : : ! |
. 0.020 : 1 0.760 :
¥ 11 | : ' I |
0.0 0.2 04 06 08 10 12 14
Carbon (mass%)
Fig. 1
11
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# B % M % MATERIALS SCIENCE |

2. Answer the following questions about fatigue of metals in an inert environment at ambient
temperature. Here, S is stress amplitude and N is a number of loading cycles to failure.

(1) Draw an outline of S- N curve for a mild steel under sinusoidal cyclic loading with a
constant S. ‘

2) Explain the linear cumulative damage rule (Miner’s law) about N under sinusoidal cyclic
loading with a variable S.

(3) Explain the mechanism of fatigue of metals.

(4) It is known that fatigue crack growth rate (defined as crack length increment per loading
cycle) is governed by stress intensity factor range, AK. AK is defined as the following
equation by the maximum stress intensity factor, Kma, and the minimum stress intensity
factor, Kmin, in the loading cycle.

AK = Kmax—Kmin (Whel‘l Kmin g 0) .

Draw an outline of a diagram showing the relationship between AK and crack growth rate,
and explain Paris’s law about fatigue crack growth rate.

12
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B W K % ELECTROMAGNETICS

1. Consider a disk C with radius Ro on the plane perpendicular to the z-axis as shown in Fig. 1. The
thickness of the disk C is assumed to be 0. On the disk C, an electric charge is uniformly
distributed with a surface charge density o (> 0). Answer the following questions. Use g, for the
permittivity.

(1) Consider a ring (inner radius R, outer radius R + dR, and dR << R) on the disk C as shown in
Fig. 1. Find the magnitude and the direction of the electric field E at the point P(0, 0, z,) on

the z-axis generated by the charge on the ring.
(2) Using the result of question (1), find the magnitude and the direction of the electric field E at

the point P generated by the charge on the disk C.
(3) Using the result of question (2), find the magnitude and the direction of the electric field E at

the point P when the radius Ry is infinitely large.

®P(0,0,z)

Fig. 1

13
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B K % ELECTROMAGNETICS

2. As shown in Fig. 2, magnetic field H(z)=Ho k sin(®w?) is uniformly applied in the z-direction to a
square loop with a side length of a, where Hy is a constant, k is a unit vector in the z-direction, @
is an angular velocity, and ¢ is time. The square loop can rotate on the x-axis with an angular
velocity of @w1. Ois an angle between the square loop and the xy-plane, and the resistance of the

square loop is R. Neglect the magnetic field generated by the induced current. Use o for the
permeability.

(1) When o1, << o, answer the following questions.
a) Find electromotive force induced in the square loop and the current flowing in the square
loop as a function of the angle 6.
b) Find the maximum Joule’s heat generated in the square loop and the corresponding angle

6.
c) When the angle @1is n/6, find the torque exerted on the square loop.

(2) When w1 = o and the rotation angle is expressed as = t, answer the following questions.
a) Find the maximum current flowing in the square loop and the rotation angle at that time.
b) Find the total charge flowing in the square loop while the angle 8 changes from 0 to n/6.

H(t)

Fig. 2

14
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B + 71 % QUANTUM MECHANICS

1. Answer the following questions using elemental charge e, light velocity in vacuum c,

Boltzmann's constant k, Planck’s constant & and % = 4/(27) . Here, assume that the effect of

relativistic kinematics in particle motion can be ignored.

)

@

(€))

“

When a neutron with mass my is in equilibrium at an absolute temperature T, express the
wavelength A, of the neutron using k, my, h and T.
Consider a photoelectron emitted from the metal surface which is irradiated by a photon with
wavelength 4 . When the photoelectron perpendicularly enters the magnetic field of
magnetic flux density B, and moves in a circular orbit with radius R, express the work
function ¢ of the metal using A, e, ¢, R, B, h and electron mass m.
When a free particle is confined in a two-dimensional region of —a<x<a and
—b < y < b, find the minimum kinetic energy of the particle on the basis of the uncertainty
relation between position and momentum AgAP <#/2 , where g is position and P is
momentum.
The radial wave functions R, (r) for the 2s and 2p orbitals for an electron of a hydrogen
atom are given by

Ry, (r) = (2% )_3/2 (2 ~r/a, )e_rﬂ% 8

Ry ()= (/3320 (rfay)e
respectively, where n is the radial quantum number, / is the orbital angular momentum
quantum number,  is the distance from the nucleus, and a,, is the Bohr radius. Show that
the 2.s-orbital electron exists on the average further from the nucleus than the 2 p -orbital

electron does.

15
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2. The one-dimensional time-dependent Schrédinger equation is given by

—h* ’w(x,0)

P +V (x)w(x,t)=ih

oy (x,1)
or

where m is mass of a particle, w(x,¢) is a wave function describing the state of the particle, the
¥V (x) is a real potential energy, % is denoted by 4/(27), and & is Planck’s constant. Assuming

that the energy of this system is E, answer the following questions.

(1) Putting w(x,7) =X (x)T(¢), obtain the ordinary differential equations in terms of X (x) and
T(t), respectively.

(2) Give the solution of 7'(¢) in question (1) .

(3) When V(x)=x" / 2, show the limiting values of X (x) at x = oo, and explain its physical
meaning.

(49) When 7V (x) is an even function, show that X (x) = X (-x) or X (x) = - X (-x).
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