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Notice
1. Do not open this examination booklet until instructed to do so.

2. An examination booklet, answer sheets, draft sheets are provided. Put your
entrance examination ID-No. on each of the answer sheets and the draft sheets.

3. Answer all problems. Indicate the problem number on the answer sheets.

4. At the end of the examination, double-check your entrance examination ID-No.
and the problem numbers on the answer sheets. Put your answer sheets in
numerical order on your draft sheets, place them beside the test booklet, and wait
for collection by an examiner. Do not leave your seat before instructed to do so by
the examiner.
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1. Consider a curve on the xy plane given by

{x=a(1 + cosd) cosd

y=a(l+ cos@)siné 0<6<2m),

where 0 is a parameter and a is a positive constant. Solve the following problems.
(1) Draw the curve on the xy plane.

(2) Evaluate the length / of the curve.
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In the three-dimensional Cartesian coordinate system (x, y, z), a vector field A4 is given by
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where i, jand k are the fundamental vectors in the x, y and z directions, respectively. Let S be the

surface of the region D given by

D={(x»2)| 0<x<4, 1<)?+22<4, p>0}.

Solve the following problems.

(1) Obtain V-4 and Vx A4 in the three-dimensional Cartesian coordinate system,

(2) Draw schematically the region D in the three-dimensional Cartesian coordinate system.

(3) Let x=x, y=pcosg, z=psing. Here 0 < ¢ < 2n. Find the ranges of p and ¢ in the region D,
respectively.

(4) Obtain the Jacobian for the change of variables from the three-dimensional Cartesian coordinates
(x,y,z)to the c‘oordinates (x, p, @) defined in problem (3).

(5) Evaluate the surface integral ] A - n dS, where n is the outward unit normal vector of S.
S
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The 2 X2 matrix A is given by

a- (it ).

Here, a is a real number larger than 0. Solve the following problems.

(1) Find eigenvalues of the matrix 4 and show that 4 has two different eigenvalues.
(2) Find two eigenvectors corresponding to the two different eigenvalues.
(3) When a =1, find the matrices D and P that satisfy 4 =pDP". Here, D and P are a 2 X2 diagonal

matrix and a 2 X2 integer matrix (all components are integers), respectively.



